We establish that a closed set E is removable for C 0,α Hölder continuous p(x)-harmonic functions in a bounded open domain Ω of R n , n ≥ 2, provided that for each compact subset K of E, the (n − pK + α(pK − 1))-Hausdorff measure of K is zero, where pK = max x∈K p(x).
Introduction
Let Ω be an open bounded domain of R n , n 2, and let p be a measurable real valued function defined in Ω satisfying for some positive numbers p − and p + 1 < p − ≤ p(x) ≤ p + < ∞ a.e. x ∈ Ω.
(1.1)
We first recall the definitions of Lebesgue and Sobolev spaces with variable exponents L p(x) (Ω) and W 1,p(x) (Ω) (see for example [2] , [5] and [8] )
is equipped with the Luxembourg norm u p(x) = inf λ > 0 : ρ u(x) λ 1 .
Setting ∇u p(x) = n i=1 ∂u ∂x i p(x) , for u ∈ W 1,p(x) (Ω), then u 1,p(x) = u p(x) + ∇u p(x)
is a norm, and (W 1,p(x) (Ω), . 1,p(x) ) is a separable and reflexive Banach space.
The space W
1,p(x) 0
(Ω) is defined as the closure of C ∞ 0 (Ω) in W 1,p(x) (Ω).
If Ω has Lipschitz boundary and p satisfies for some L > 0 − |p(x) − p(y)| log |x − y| L ∀x, y ∈ Ω, (1.2)
0 (Ω) (see [5] ).
We shall need three definitions:
Definition 1.2. Let E be a closed subset of Ω. We say that E is a removable set for C
0,α
Hölder continuous p(x)-harmonic functions, if for any
Definition 1.3. Let F be a subset of R n and s a positive real number. The s-Hausdorff measure of F , denoted by H s (F ), is defined by
In this paper, we are concerned with giving a sufficient condition for a closed subset E of Ω in order to be removable for C 0,α Hölder continuous p(x)-harmonic functions in Ω. We recall that for p constant, Kilpeläinen and Zhong [7] proved that a closed subset E of Ω is removable for C 0,α Hölder continuous p-harmonic functions if and only if the (n − p + α(p − 1))-Hausdorff measure of E is zero. Trudinger and Wang [10] proved the sufficiency of this condition. For p = 2, this result is due to Carleson [3] . For a result in the framework of A-harmonic functions, i.e. functions satisfying div a(|∇u|) |∇u| ∇u = 0, with
, we refer to [4] .
The main result of the paper is the following theorem: Theorem 1.1. Let E ⊂ Ω be a closed set. Assume that u is a continuous function in Ω, p(x)-harmonic in Ω \ E, and such that for some α ∈ (0, 1)
An immediate consequence of Theorem 1.1 is the following corollary:
Remark 1.1. We recall that Carleson [3] proved Corollary 1.1 for the Laplace operator. For p−Laplace like operators, it was established by Kilpeläinen and Zhong [7] , and also by Trudinger and Wang [10] , under the assumption that u has an A−superharmonic extension to Ω. A partial result has been also obtained in [4] for A-harmonic functions.
Proof of the Main Result
First, we introduce the following obstacle problem, where D is a smooth subdomain of Ω and
Then we have:
Proposition 2.1. There exists a unique solution v to the problem P (φ, D). If φ is continuous in D, then so it is for v. Moreover −∆ p(x) v is a nonnegative measure and v is
Proof. The existence and uniqueness of a solution to P (φ, D) can easily be obtained by standard techniques. For the rest, we refer to [6] Theorem 10.
Next, we establish the following lemma :
Let v be the solution of the problem P (φ, Ω) and let µ = −∆ p(x) v. Then there exit two positive constants C 0 and R 0 such that
. We distinguish two cases:
In this case, we have by Proposition 2.1 µ(B R (x 0 )) = 0.
In this case, we have µ(B R (x 0 )) µ(B 2R (x 1 )) and it is enough to establish (2.2) for B 2R (x 1 ).
provided that 2R < r 0 . We shall assume that R < R 0 = r 0 /2 and will show that osc(v, B 8R (x 1 )) = max
v CR α for some positive constant C.
φ. Without loss of generality, we can assume that v(x 1 ) = φ(x 1 ) = 0, and we claim that ω 0
φ. Then we have by the assumption (2.1) since
Now v + ω 0 is a nonnegative and p(x)-superharmonic function in B 32R (x 1 ). Indeed by Proposition 2.1, −∆ p(x) (v + ω 0 ) = −∆ p(x) v = µ 0, and for x ∈ B 32R (x 1 )
Applying Lemma 6.4 of [1] to v +ω 0 , we get for some constant C 1 > 0 and 0 < q <
Since by Hölder's inequality, we have 
which can be written as
Letting ǫ → 0, we obtain
At this point, we remark that it is straightforward to adapt the proof of Lemma 6.6 of [1] to the function (v − ω 0 ) + , since the proof uses only the fact that the function is p(x)-subharmonic. We obtain for some constant
We deduce that
which leads by continuity to
Now since φ(x 1 ) = 0, we have
Since α ∈ (0, 1), it follows from (2.3), (2.6) and (2.7) that
Proof of Theorem 1.1. Let E be a closed subset of Ω such that for each compact subset
Let u be a continuous function in Ω, that is p(x)-harmonic in Ω \ E, and such that for all y ∈ Ω and x ∈ E |u(x) − u(y)| L|x − y| α .
We would like to prove that u is p( 
, there exists δ 0 > 0 (see Definition 1.3) such that for all δ ∈ (0, δ 0 ), 0 H s δ (K) ǫ. We deduce that for each δ ∈ (0, δ 0 ), there exists a family of sets (C
We assume naturally that for each j, C δ j ∩ K = ∅. So for each j, there exists an
Obviously we can assume that for all j R j < min(1, R 1 ). It follows from (2.8)-(2.9) that
Since ǫ is arbitrary, we get µ(K) = 0, which leads to µ(E ∩ D) = 0.
Next, we prove that µ(D\E) = 0. Let ζ ∈ D(D\E), ζ 0, ǫ > 0, and set ζ ǫ = min ζ, v − u ǫ . 
Given that we have
µ = −∆ p(x) v = 0 in [v > u] and ζ ǫ = 0 in [v = u], we obtain D\E |∇v| p(x)−2 ∇v.∇ζ ǫ dx = (D\E)∩[v>u]
